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Gaussian Probability Density Functions

Contents

J\\[0] 7: 15 (o) WU UUUPPPUURUR 2

Expected Values and Moments: €le...........ccccceeeerinnnnnnnnnee. 3

The average value is the first moment of the samples ............... 3

Probability Density Functions ............ccccceeeieeiiiiinnnnnnneee. 4
Expected Values for PDFs ..., 5

The Normal (Gaussian) Density Function ........................ 7
Multivariate Normal Density FUnctions.........ccoeeeeeeieeeiiieiiisieeennnn. 7

Source:

"Pattern Recognition and Machine Learning", C. M. Bishop, Springer Verlag, 2006.



Notation

X a variable
X a random variable (unpredictable value)
X A vector of D variables.
X A vector of D random variables.
D The number of dimensions for the vector ¥ or X
E An observation. An event.
k Class index
K Total number of classes
Wk The statement (assertion) that E &€ Tk
Mk Number of examples for the class k. (think M = Mass)
M Total number of examples.
K
M= M,
k=1
{X:} A set of M, examples for the class k.
X,3= U}
{t,} A set of class labels (indicators) for the samples
u=E{X,} The Expected Value, or Average from the M samples.
o’ Estimated Variance
G’ True Variance
; _(X—M2)2
Mx; u, o) 1O e 20 Gaussian (Normal) Density function.



Expected Values and Moments: ele

The average value is the first moment of the samples
For a numerical feature value for {X_}, the "expected value" E{X} is defined as the
average or the mean:

E{X}=%2Xm

m=1

u, = E{X} 1is the first moment (or center of gravity) of the values of {X_}.

This can be seen from the histogram h(x).
The mass of the histogram is the zeroth moment, M

M=§mm

M is also the number of samples used to compute h(n).
The expected value of is the average u

1 M
=FE{X }=—)>X
u=E(X,) =3 DX,
This is also the expected value of n.

1 N
= h .
u ME () n

Thus the center of gravity of the histogram is the expected value of the random
variable:

1 M

M=E{Xm}=ﬁzxm =$§h(n)-n

m=1

The second moment is the expected deviation from the first moment:

1 1
0% = E{(X~E{(X}} = X (X, ~ )’ = - X h(n)-(n—p)’

m=1



Probability Density Functions

In many cases, the number of possible feature values, N, or the number of features,
D, make a histogram based approach infeasible.

In such cases we can replace h(X) with a probability density function (pdf).

A probability density function of an continuous random variable is a function that
describes the relative likelihood for this random variable to occur at a given point in
the observation space.

Note: Likelihood is not probability.
Definition: "Likelihood" is a relative measure of belief or certainty.

We will use the "likelihood" to determine the parameters for parametric models of
probability density functions. To do this, we first need to define probability density
functions.

A probability density function, p( X ), is a function of a continuous variable or vector,
X €R”, of random variables such that :

1) X is a vector of D real valued random variables with values between [—%, ]

2)  [pX)=1
In this case we replace %h(n) — p(X)

For Bayesian conditional density (where wx = E € Tk)

Mih(n lw,) = p(Xlw,)

k

Thus:
- p(Xlw))
| X ==
plo, 1X) (%) p(,)
Note that the ratio of two pdfs gives a probability value!
This equation can be interpreted as

Posterior Probability = Likelihood x prior probability



The probability for a random variable to fall within a given set is given by the
integral of its density.

B
p(X in [A,B]) = p(x €[A.B]) = [ p(x)dx
A
Thus some authors work with Cumulative Distribution functions:

P(x) = fp(x)dx

xX=-%

Probability Density functions are a primary tool for designing recognition machines.

There is one more tool we need : Gaussian (Normal) density functions:

Expected Values for PDFs
Just as with histograms, the expected value is the first moment of a pdf.

Remember that for a pdf the mass is 1 by definition:
S = px)dx=1
For the continuous random variable {X, } and the pdf P(X).
1 M 0
E{X)} = MmE:le - :{;p(x)- x dx
The second moment is

2 1 S 2 ( 2
0 = E{(X 0} = X (X, — )’ = [ px)- (x—u )" dx
Note that

0" = E{(X - )’} = E{X"} - u’ = E{X*} - E{X}’

Note that this is a "Biased" variance.
The unbiased variance would be



1 M
=2 _ 4 X —u)
G M—l,nE:l( =)

If we draw a random sample {X,,} of M random variables from a Normal density
with parameters (u, o)

{(X,} <N (x;u,6)

Then we compute the moments, we obtain.

lM
—E{X,}=— )X
u=E(X,) =3 DX,

and
M

(X, —u)’ Where 6° =——6~
m=1

" M
o

M-1

Note the notation: ~ means "true", A means estimated.

1
M

The expectation underestimates the variance by 1/M.

Later we will see that the expected RMS error for estimating p(X) from M samples is
related to the bias. But first, we need to examine the Gaussian (or normal) density
function.



The Normal (Gaussian) Density Function

Whenever a random variable is determined by a sequence of independent random
events, the outcome will be a Normal or Gaussian density function. This is
demonstrated by the Central Limit Theorem. The essence of the derivation is that
repeated convolution of any finite density function will tend asymptotically to a
Gaussian (or normal) function.

(x—p)?
— 2079

1
p(x) = Mx; 9) = no €

N(x; u, 0)

The parameters of Mx; u, o) are the first and second moments.

This is often written as a conditional:

This is sometimes expressed as a conditional MX / u, o)

In most cases, for any density p(X) :
as N —oo p(X)*N - (X,' u, G)

This is the Central Limit theorem.
An exception is the dirac delta p(X) = d(x).

Multivariate Normal Density Functions

In most practical cases, an observation is described by D features.
In this case a training set {X } an be used to calculate an average feature i

W E{X,}
- u, | | E{X,}
EXy= 2 X=| "=

Up E{X,}

If the features are mapped onto integers from [1, N]: {X }—{i } we can build a
multi-dimensional histogram using a D dimensional table:



Vm=1,M :h(i,) < h(ii,)+1

As before the average feature vector, ji, is the center of gravity (first moment) of the
histogram.

=E{n,} =$mz= =$EE...Eh(ﬂ,,n2, My nd——Eh(n)nd u,

n=ln,=1 np=1 =1

—Eh(n) n,

nl u,
N —
N ki) i = Mz_lh(n)-nz |

Up

L
- h 7).
M g (n) np
For Real valued X:

= E{X, }——Ede ff fp(xl,xz, Xp) X, dxdx,,...dx),

—00 —00

In any case:
EX}) (w
_ E{X
fi= E{X}= {X,} _ U,
E{Xpy) \up

For D dimensions, the second moment is a co-variance matrix composed of D? terms:

2 1 N
07 = E{(X, ~ )X, — )} = D (X, —1)(X,, — 1)

m=1
This is often written

2= E{(X - E{X})(X - E{X})"}

and gives
2 2 2
Oll 012 O'lD
2 2 2
o, O o
2 — 21 22 2D
2 2 2
ODI GDZ ODD



This provides the parameters for

1 S E R T F )

pX) =N XL =—7 e
(27) 2 det()?

The exponent is positive and quadratic (2nd order). This value is known as the
"Distance of Mahalanobis".

L2 | AT
d(X;u,C) =-5X-u) 2 (X-n)

This is a distance normalized by the covariance. In this case, the covariance is said to
provide the distance metric. This is very useful when the components of X have
different units.

The result can be visualized by looking at the equi-probably contours.
A2

p(X1u, C)

Contours d'équi-probabilité

X4

S
>

If x; and x; are statistically independent, then Oij2 =0
2
ij

For negative values of o,

For positive values of 0,7, x; and x; vary together.

x; and X; vary in opposite directions.
For example, consider features x, = height (m) and x, = weight (kg)

In most people height and weight vary together and so o,,> would be positive



